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Section I: Answer all questions, each question is worth 2 marks
1. If (ay,) and (b,,) are such that |a,, —b,| = 0 and a,, — a, then prove that b, — a.
2. Suppose Y a, converges and a, > 0. Prove that > /a,a,1 also converges.

3. Let f:R — R be a differentiable function with f’(x) # 0 for any x € R. Prove
that f is one-one.

Section II: Answer any 4 questions, each question is worth 6 marks
1. Let (a,) be a sequence. Prove that limsup a,, is a limit point of (a,).

2. 1t a, >000 and y ° a, converges, then show that » ~, = diverges where
Sp =D pe,, Ok-

3. Let f:[a,b] — R be a continuous function. Suppose f has no local minimum or
no local maximum at any point in (a,b). Prove that f is monotonic.

4. Prove that monotonic functions do not have discontinuities of second kind and
the set of points of discontinuity is countable.

5. Let f:R — R be a twice differentiable function with f'(z) = 0 and f”(x) < 0
for some = € R. Prove that f has a local maximum at x.

6. Let f:R — R be a differentiable function and g: R — R be defined by g(z) =
flz) = f(x+1) for all z € R. If |f'(z)] — 0 as z — +oo, prove that g is
bounded.

Section III: Answer any 2 questions, each question is worth 10 marks

1. (a) If z is a limit point of (a,), prove that liminfa, <z < limsup a,.

(b) For a sequence (a,), let v = limsup |a,|=. Prove that o < 1 implies 3" ay,
converges and « > 1 implies ) a,, does not converge.

2. Let I = [a,b] and f:I — R be a continuous function.
(a) Prove that there are z,y € I so that f(z) < f(t) < f(y) for all t € I.

(b) Further if f is one-one, prove that f is a homeomorphism of I onto f(I).
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3. (a) Let f,g:R — R be differentiable functions. Prove that for any r,s € R
there is a t between r and s such that [f(r) — f(s)]g'(t) = [g(r) — g(s)] f'(2).
(b) Let g(x) = x and fix r € R. Obtain ¢ in (a) as a function of r and s and
find lim,_,, ¢ when f(z) = 2% and f(z) = 2.



